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The problem of representation of elements of weighted space of 



V— ' I infinitely differentiable functions on real line by exponential series is 

^ ' considered. 

-4— > 

^. 

1. Introduction. Let a > 1 and t/^ : M — i> [0, oo) be a convex function 

satisfying the conditions: 

1. 3A^ >0 Vxi,X2 eM 

> : 

^ ; |^(a;i) - i'{x2)\ < A^(i + l^il + |x2|)""Vi - ^2|; 

O . 2. lim -p-p = +CX). 

O ' Let A^ be a set of increasing sequences of numbers L = (L„)^q with 

r-| ■ Lq = 1 satisfying the following conditions: 
t^ ! ii). L^ < L„_iL„+i Vn e N; 

g : ia). 3 //i = iJi(L) > 0, H2 = H2{L) > : V n G Z+ L„ > HiH^nl; 

• • , / \ i 

^ ■ I L\sn] \ " 

•rH . Zg). V S > 1 lim „^ +00 ^r— > 1; 

X ■ V ^n / 

H : u). V (5 > 3 p5 = p5(L) > 3 t^ = t5(L) > 1 : V n G Z+ 






^'in-rii ^ j.n r 

sup r /. , TN^ ^ P^i^^rx- 



It follows from ^4) that for any sequence (Ln)^o from JH 



1 
lim (^] =1. 



■'n 



We fix an arbitrary sequence M = (Mfc)^Q G A4. 

Let w{r) = sup In--— , r > 0, w{0) = 0. It is easy to see that w is 

continuous for r > 0. Also w{r) = for r G [0,Mi]. From this and ^2) it 
follows that there exists A^j > such that w{r) < A^r , r > 0. Clearly, 
t/;(|z|) is a subharmonic function in the complex plane. 

Fix cr > 0. Let {em}m=i be an arbitrary decreasing to zero sequence of 
positive numbers. Let (p{x) = sup{xy — ip{y)), Om{x) = exp((/?(x) — ?77,ln(l + 

\x\)), X eR,m eN. Let 

G^ = {feS{R):pm{f)= sup ^ \\!n , , <oo}, mGN. 

00 

We let G = f] Gm and endow this vector space with its natural projective 

m=l 

limit topology. 

Let Wmi\z\) = w{{a + em)^^\z\),z G C, m G N. Let 

/ G H{C) : ll/IL = snp^ ^^ < ooj ,m G N. 

zee exp(V^(/m z) + Wm{\z\)) J 

Let P be the union of these normed spaces. The vector space P endowed 
with a topology r of inductive limit of the spaces Pm is denoted by P^-. 

For T G G* we define the Fourier-Laplace transform T of T by T(z) = 
T(e-*^^), zeC. 

Since the sequence M satisfies conditions ii), ^2) and (1) then the following 
theorem holds. 

Theorem A. The Fourier- Laplace transform establishes topological isomor- 
phism of the spaces G* and Pr- 

°° M 
In case > < 00 theorem A is proved in [21 . In general case theorem 

A is obtained in [3]. 



In this paper we announce our result on representation of functions from 
G by exponential series. We pay special attention to examples and properties 
of the sequences satisfying conditions zi) — i^) and to properties of functions 
connected with these sequences. 

For weighted spaces of infinitely differentiable functions on real line sim- 
ilar to G the problem was not considered earlier. 

2. Examples of sequences belonging to class M.. 

First introduce the class V of nonnegative convex increasing functions v 
defined on [0, oo) with v(0) = and such that: 

VI. 3 A„ G M 3 5,„ G M : Vx > 1 v{x) >x\nx + A^x + B^- 

V2. V s > 1 3 ?7s = ris{v) > 3 m^ = ms{v) G M : V x > v{sx) > 
sv{x) + rjsX + nis; 

V3. V £ > 3 a^ = ae{v) > 3 fe^ = he{v) G M : V ?/ > 1 

sup(f (x + y) — v{x) — ex) < v{y) + aeV + be- 

Clearly, for any increasing function v ow [0, oo] satisfying condition V3 we 
have 

hm <^^ "-)-<-) = 0. (2) 

x^+oo X 

Proposition 1. Let u : [0,oo) -^ [0,oo) he a convex increasing twice con- 
tinuosly differentiable function such that: 

1. hm ^(" + ^^ - ^(^^ = 0; 

2. there exists a constant C > such that u"{x) < Gx^^ for x >1. 
Then for any e G (0, G) exists a constant Qe such that for all y > 1 

sup{u{x + y) — u{x) — ex) < u{y) + I C In 1 — — I y + Q^. 

x>l V ^ 4 / 

Proof. Let y>l. Then y G [A^, A^ + 1) for some TV G N. Let e G (0, G). 
We shall find the upper estimate of sup(-u(a; + y) — u{x) — ex — u{y)). 

X>1 

/,From the first condition on u one can find a constant ^e > such that 
ex 
u{x + 1) < u{x) H h ?£, a: > 0. Further, we have 

sup(-u(a; + y) — u{x) — ex — u{y)) < sup('u(x + A^ + 1) — u{x) — ex — u{N)) < 

X>1 X>1 



EX 

sup{u{x + N) - u{x) - — - u{N + 1)) + eN + 2qe. 
x>i 2 

N N 

Note that u{x + N) - u{x) = ^{u{x + k) - u{x + k - 1)) < ^u'{x + k); 

fc=i fc=i 

TV N 

(N + l) = ^{u{k + l) -u{k)) + u{l) > ^u'{k). Consequently, 



k=l fc=l 

AT 



u{x + N) - u{x) - u{N + 1) < ^{u'{x + k) - u{k)) 



k=l 



N ^^J^ N ^^J^ N 



fc=l I fc=l I k=l 



N 

kJ 2 ■ 
fc=i 



5:/„"w*<c5:/f=c5:i„(i+^). 

Thus, 
sup (u{x + N)- u{x) - u{N + 1) - — ) < sup f C ^ In f 1 + 

x>l ^ 2 / x>l \ T^ ^ 

k=l - k=l 

N 
N r 

Since ^ InA; > Inx dx = NlnN - N + 1 then 

fc=i J 

1 

snp (u{x + N) - u{x) - u{N + 1) ~ —) < NC\n— - C + ^^^ '^ '^^ . 
x>i V 2 / £ 4 

Hence, for y > I 

sup(m(x + y) — u{x) — ex — u{y)) < I C In 1 — — \ y — C + - + 2q^. 

x>i \ e A J 4 

This proves the lemma. 

It is easy to see that for arbitrary sequence {Lk)'^^Q G 7W an increasing 
function v on [0, oo] such that v{k) = InLfc, k G Z+, satisfies conditions 



VI — V3. Thus, for arbitrary sequence L = {Lk)'^=Q G A1 an increasing convex 
function v on [0, cxd] such that v{k) = InL^, k G Z+, is in V. In particular, 
function vl such that VL(tk + {l — t){k + l)) = tlnL^ + (1 — t) InL^+i, where 
A; G Z+,t G [0,1], is in V. 

Obviously, if increasing function v on [0, oo] satisfies the condition V3 
then the sequence (exp(v(A;)))^g satisfies the condition ^4). Also it is clear 
that if increasing function v on [0, 00] satisfies the conditions V2 and (2) 
then the sequence (exp(v(A;)))^Q satisfies the condition ^3). Thus, for each 
function v G V we have (exp(i;(/c)))^Q G Ai. 

Proposition 2. Let v satisfies conditions VI, V2 and conditions of Proposi- 
tion 1. Then the sequence (exp(f (A;)))^q G M.. 

Now we give some examples of sequences belonging to Ai. 

1. Consider the function Vi{x) = pxln(x + I), p > l,x > 0. vi is 
increasing and nonnegative on [O,oo),vi(0) = 0. It is easy to verify that vi 
satisfies to conditions VI, V2 and to the first condition of Proposition 1. Since 
Vi'fa;) = \-- — r > for x > then Vi is a convex function on [0, 00). 

^^ ' x + 1 {x + iy ~ ^ ' 

Obviously the second condition of Proposition 1 holds. By Proposition 2 the 
sequence M* = ((n + iy'^)^^Q is in M. 

Note that for the function w*{r) accosiated with the sequence M* 

pe~^r~p — 21nr < w*{r) < pe~^r~p for r > e^ 

2. Let V2{x) = plnr(a; + 2),p > l,a; > 0, where T{x) is Euler's Gamma 
Function. /,From the definition and properties of Gamma Function [5], [6, 
pp. 755, 763] it follows that ^2(0) = and V2 is increasing and convex on 
[0, 00) . Using the Stirling's formula it is easy to verify that the conditions 

VI, V2 are fulfilled. The first condition of Proposition 1 is fulfilled obviously. 

00 1 

Since (lnr(a; + 2))" = Yl /_ , , ^2 i^^^y ^^^ example, [5], [6, p. 774, formula 



k=2 

00 



(x + ky 



= . Hence, the second condition of 

(x + t)2 X+l 

1 

Proposition 1 is fulfilled too. By Proposition 1 the sequence (T^^n + 2))^q 
belongs to Ai. 

3. For function v^lx) = (x+l) ln(x + 1) arctg{x + 1) considered on 
[0,00) we have ^3(0) = and v'^{x) = (ln(x + 1) + 1) arctg{x + 1) + 



(x + l)ln(x + l) 

; — > tor a; > 0. Hence, f^ is a nonneffative increasing 

1 + (X+1)2 

function on [0,oo). Obviously, condition Vi for v^ holds. Since v'^{x) = 

arctgix + l) 21n(x + l) 2 

h -. -TT-TT H 7 777 > for X > then v-^ is convex 

x+1 (l + (x + 1)2)2 i + (a,+ i)2 - -i 

V (X) 

on [0, oo). Conditions of Proposition 1 are fulfilled since lim = and 

x^+oo X 

6 
^3 (x) < — for a; > 1. Next, for all s,x > 1 

Vsisx) — sv3{x) = sx ln{sx + l)arctg{sx + 1) — sx ln(x + l)arctg{x + 1) + 

ln(sx + l)arctg{sx + 1) — s ln(x + l)arctg{x + 1) > 

irsx , s + 1 vr , , ^, tts , , _,, 

— — In —- h - mlsx + 1) — Infx + 1). 

4 2 4^ ^ 2 ^ ^ 

So condition V2 for v^ is fulfilled. By Proposition 2 the sequence ((n + 

^yn+l)arct3(n+l))oo^^ beloUgS tO A^. 

3. Auxiliary results. In this section v is an arbitrary function in V such 

that Mfc = exp(f (A;)), A; G Z+. As we know v satisfies conditions VI — V3. 
Note that conditions V2, V3 impose some conditions on growth of v. For 
example, from V2 it follows that for some a > 0, 6, c G M depending on v we 
have v{x) > axlnx + bx + c, x > 1. V3 implies that for any e > 0,x,y > 1 

v{x + y) < v{x) + £x + v{y) + a^y + fog, (3) 

where the numbers a^ > 0,6^ depend on v and e. In particular, for any 
X > 1, £ > f (2x) < 2f(x) + {a^ + e)x + be- From this inequality it easily 
follows that 

t;(x) < (2t;(l) + a, + 26, + e)x + (»^+j)^^l^^ _ 5^. (4) 

Set 

, , , ,. fv{x) v{sx) . 

K{s) = hm^^+oo ^-^ - ^-^ 1 , s > 0. 
\ X sx 

Lemma 1. Function h^ has the following properties: 

1. for all s G (0, +00) — cxd < /i^(s) < +00; 

2. hy{s) > for s e (0, 1) and /i„(s) < for s > 1; 

6 



3. h^ is nonincreasing in (0,oo); 
2. lim hJs) = +00; 

s^O,s>0 

5. hv is continuous at the point s = 1; 

6. for any s > hv{s) + hv{s~^) < 0. 

Proof. First note that since v is convex and t;(0) = then the function 

vix) 

is nondecreasing on (0,oo). So /?-^(s) < for s > 1 and h^{s) > for 

X 

s< 1. 

Let s > 1. Then s G (A^, A^ + 1] for some A^ G N . /,From (3) we have for 
all X > {s- Ny\e > 

,. / X .r aeNx(2s-N-l) ^,, ,, ^^, , 

v{sx) < Nv{x) + sNx + — ^ + Nbe + v{{s - N)x). 

/,From this taking into account that vitx^ < tv{x) for all t G [0, 1], x > 0, we 
get 

/ ^ / / ^ f ae{2s-N-l)\ , , , 

V[SX) < SV[X) + \ s -\ I sx + o^s, (5) 

for all iV G N, s G (A^, A^ + 1], x > {s - N)'^,e > . In particular, one can 
find a constant Cg > such that for all a; > 

v{sx) < Sv{x) + f £ + -^ j SX + bsS + Cg. (6) 

Using the inequality (6) we obtain h^i^s) > — £ — 0, Sa^s for all s > 1, £ > 0. 
^From the representation 

K{s) = hm.^+oo _. - ^^ , s > 0, (7) 

and the inequality (6) we have hy{s) < £ + 0, Sa^s"^ for all s G (0, 1), £ > 0. 

Since by the definition hy{l) = then the first property is completely 
proved. 

/^From the condition V2 it follows that /i^(s) < for s > 1. Using the 
representation (7) and the condition V2 we get /i^(s) > for s G (0, 1). 

v(x] 

The third property of h^ follows from nonincreasing of on (0, 00). 

x 



Since v satisfies the condition V2 then one can find numbers rjsiv) > 
0, nisiv) such that V z > 0, s > 1 v{sx) > sv{x) + ris{y)x + nisiy). /,From 
this we have for all s > 1, x > 0, n G N v{s^x) > s"'v{x) + rjs{v)ns"''^x + 
ms{v){s"' — l)(s — 1)^^. Consequently, /i„(s^") > s~^r]sn for all s > 1, rz G N. 
/,From this and nonincreasing of function h^ we obtain the fourth property 
of hy. 

We shall prove that function hy{s) is continuous at s = 1. Let e: > be 

arbitrary. Using (5) we have hy{s) > —e — as{s — 1) for s G (1,2). Thus, 

if < s — 1 < min(l,£a~^) then —2e < h^{s) — h^{l) < 0. Therefore, 

lim hv{s) = hy{l). For 0,5 < s < 1 according to (5) v{s~^x) < s^^v{x) + 

{e + ae{s^^ — l))s^^x + beS^^ , so h^{s) < £ + ag{s^^ — 1). Therefore, if 
< 1 - s < mm{2~\e{2a,)-^) then < K{s) - K{1) < 2e. Therefore, 
lim hv{s) = hy{l). Thus, function h^ is continuous at point s = 1 . 

Next, we have 

\ SX X J \ X sx J 

f vix) visx)\ , , , 

-lim^_+oo -^^ ^ — - = -hv{s) ,s>0. 

\ X sx J 

/,From this we obtain the sixth property of function h^. 
Lemma 1 is proved. 

Lemma 2. The following equality holds 

, / X , fv(k) v([sk] + l)\ 

h^is) = lMk-.+oo ( ^ - ^^ — -) ' ^ > 0- 

Proof. Let s > 0. For x E [k,k + 1), where A; G N , we have 
v{x) v{sx) v{k) v{sk + s) v{k) v{\sk] + l) v(\sk] + 1) — v{sk + s) 

v(x) v{sx) v{k + 1) v{sk) v{k) v{\sk] + \) v{sk + 1) — v{sk) 

x sx ~ k + 1 sk ~ k sk sk 

v{k + l)-v{k) v{k) 

^ k+l k{k + l) ■ 



Since v satisfies the condition of tlie form (2) and the inequahty (4) then 
from the last estimates the assertion of lemma follows. 

Thus, according to lemma 2 for any v G V such that exp(i;(A;)) = M^, k G 
Z_|_, the function hy{s) coincides with 

h{s) = IMk^+ooisk)-^ In , , ^ , s > 0. 

We set l{s) = exp{h{s)),s > 0. From the properties of function h it 
follows that function / has the following properties: 

1. for all s G (0, +cx)) < l{s) < +oo; 

2. l{s) is continuous at the point s = 1; 

3. lis) > 1 for s G (0, 1), < l{s) < 1 for s > 1; 

4. lim l(s) = +oo: 

s->0,s>0 

5. /(s)/(s-i) < 1. 

6. / is a nonincreasing function on (0, oo). 

Lemma 3. For each m G N and A > there exists a positive constant Q 
such that 

w„,{\z\) + A\n{l + |2:|) < Wrr,+ii\z\) + Q, z E C. 

The proof of this lemma is given in [2], [3]. 

4. Weakly sufficient sets for P. Let /C denote a set of all positive 
continuous functions k on the complex plane such that for each m G N 

exp(V^(/m z) + Wm{\z\)) 

sup — < oo. 

zee k[z) 

For each closed subset S" of C that is an uniqueness set for P we define 
topologies Ts and ^s in P iii the following manner. The topology ts is an 
inductive limit topology of the normed spaces 

The topology ^is is defined in P with the help of the norms 



S,k 



sup -Yi~r < c)o, k E }C. 



z€S k{z 
9 



Call the subset S sufficient (weakly sufficient) for P if yUc = fJ'si^c = ts). 

The general arguments [1, chapter 1] show that if S" is a sufficient set for 
P and T = He then every function f E G can be represented as an absolutely 
convergent integral 

f{x)= [e—^,xeR, 
Js k{z) 

where the complex measure A on C is supported by the set S and satisfies 
the condition j^\d\{z)\ = C\ < oo, k is some function from /C. If the 
sufficient set S* is a set of points z^j G C, j = 1, 2, . . . , then from the integral 
representation we get the representaion of / in the form of the series 



/(^) = Y^ Cj-e' 



■IV^X 



c 

moreover, from the estimates (see [21, [31): \cA < —, — - for each ] G N, 

Pm(exp(— i2;x)) < /Cmexp('i/;(/m z) + Wm+i(k|)) for each vti G N, z G C, 

where K^ > is some constant independent of z, and lemma 3 it follows 

that this series absolutely converges in the space G. 

By the main result of [7] and lemma 3 we have r = fic- 

According to [8], [9] there exists an entire function A/'(-z) such that: 

1). all the zeros {Aj}°^^ oi Af{z) are simple and the discs Dj = {z E C : 

\z — Xj\ < d} are disjoint for some d > ; 

oo 

2). outside the set IJ Dj 
i=i 

\HDiz) + wia'^\z\) - \n\M{z)\\ < A\n{l + \z\) + Co, (8) 

where A, Co are some positive numbers. 

Theorem 1. The set S = {Xj}'^^ of zeros of M is a weakly sufficient set 
for Pr. 

Theorem 2. Every function f E G can he represented in the form of a series 



m = J2 

absolutely convergent in G. 



10 
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The proof of Theorem 1 is based on the representation of entire functions 
in the space P by Lagrange series, on the key 

Lemma 4. For all s > 0,6 E (0, 1) there exists a constant Q{s, 6) > such 



that sw(r) < w I -r-—- ;:- 1 + Q(s, 6) for all r > 

\l{s){l-d)' 

and will be given in [4]. 
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